The present paper incorporates the effects induced by massless spectator quarks in the renor- 
I. INTRODUCTION
The heavy quark effective theory (HQET) [1] is a powerful tool used to describe hadrons containing a heavy quark. The HQET Lagrangian is also one of the building blocks of the nonrelativistic QCD (NRQCD) Lagrangian [2, 3] , which aims to describe bound states of two heavy quarks, heavy quarkonium for short. Concurrently, the Wilson coefficients of the NRQCD Lagrangian enter into the Wilson coefficients (interaction potentials) of the potential NRQCD (pNQRCD) Lagrangian [4, 5] as a consequence of the matching between the two effective theories. The later, is a theory optimised for the description of heavy quarkonium near threshold (for reviews see Refs. [6, 7] ). Therefore, the Wilson coefficients computed in this paper could have many applications in heavy quark and heavy quarkonium physics. In particular, they are necessary ingredients to obtain the pNRQCD Lagrangian with next-to-next-to-next-to-nextto-leading order (NNNNLO) and with next-to-next-to-next-to-next-to-leading logarithmic (NNNNLL) accuracy, which is the necessary precision to determine the O(mα 6 ) and the O(mα 7 ln α + mα 8 ln 2 α + . . .) heavy quarkonium spectrum. As commented in Ref. [8] , the
Wilson coefficients associated to the 1/m 3 spin-independent operators are also necessary to obtain the heavy quarkonium spectrum with NNNLL accuracy, and the production and annihilation of heavy quarkonium with NNLL precision [10] , but this is not the case for the spin-dependent ones [9] . The Wilson coefficients computed in this paper also have applications in QED bound states like in muonic hydrogen. The computation presented here, also provides a cross-check that the physical combinations found in Ref. [8] are gauge independent, and also new physical quantities involving light fermion operators are found. It also provides an additional cross-check of some of the reparametrization invariance relations given in Ref. [11] and gives a solution in a more standard basis settled on by the same reference.
At present, the operator structure of the HQET Lagrangian, and the tree-level values of their Wilson coefficients, is known to O(1/m 3 ) in the case without spectator quarks [11] .
The inclusion of spectator quarks has been considered in Ref. [12] . The Wilson coefficients with leading logarithmic (LL) accuracy were computed in Refs. [13] [14] [15] to O(1/m 2 ) and at next-to-leading order (NLO) in Ref. [11] to O(1/m 2 ) (without heavy-light operators). The
II. HQET LAGRANGIAN
The starting point is the HQET Lagrangian up to O(1/m 3 ) for a quark of mass m Λ QCD in the rest frame, v µ = (1, 0). It is given in Refs. [11, 12] , and reads:
Where Q is the nonrelativistic fermion field represented by a Pauli spinor. We define iD 0 = i∂ 0 − gA 0 a T a and iD = i∇ + gA a T a , where A 0 a and A a represent the longitudinal and tranverse gluon fields, respectively. The chromoelectric field is defined as E i = G i0 , whereas the chromomagnetic field as
where ijk is the three-dimensional totally antisymmetric tensor 1 , with 123 = 1. The components of the vector σ are the Pauli matrices.
Note also the rescaling by a factor 1/N c of the coefficients c A 3,4 following Ref. [18] , as compared to the definitions given in Ref. [11] .
The inclusion of n f massless fermions adds an extra contribution to the HQET Lagrangian with the following structure:
The O(1/m 3 ) (dimension 7) heavy-light operators were considered in detail in Ref. [12] and they can be found in Eq. (10) of that reference. However, we will not consider all of them, but only those that get LL running and that could affect the LL running of c p p , c W 1 , c W 2 , c B 1 and c B 2 . Initially, we can disregard some of them because of its spin independence or just by using the heavy quark equation of motion. After that, we face the following operators:
Where iD [γ µ , γ ν ]. In our case, we work in the rest frame, so that v µ = (1, 0) and h v ≡ Q.
It is also understood that in the octet case the covariant derivative stands left/right of the color matrix when acting to the left/right. Moreover, we are in the heavy-quark sector, and not in the antiquark one, so we can project to this sector. Note that we have not displayed
because it is wrong (there are typographic mistakes and even free indices) and should be corrected. Fortunately, as we will see later on, this operator is not relevant for the computation of the LL running of the Wilson coefficients, since the operators that are left are enough to absorve all divergences coming from one-loop diagrams. After all these simplifications, the previous operators can be written as:
We then have
where the O m operators are all the possible linear independent combinations of the M operators. In the present article, only those linear combinations whose associated Wilson coefficients get LL running will be defined. The discussion is reserved to Sec. III A.
III. ANOMALOUS DIMENSIONS FOR 1/m 3 SPIN-DEPENDENT OPERATORS
In this section, the anomalous dimensions of the Wilson coefficients associated to the 1/m 3 spin-dependent operators is computed at O(α). On the one hand, for the operators bilinear in the heavy quark fields, the anomalous dimensions in the case of n f = 0 were already computed in Ref. [8] , so only the contribution from heavy-light operators remains to be computed. On the other hand, for the heavy-light operators, all the contributions to their anomalous dimensions must be computed, the one coming from the bilinear sector and the one coming from the heavy-light sector. In the former, the anomalous dimensions are determined through the scattering, at one loop order, of a heavy quark with a transverse gluon, whereas in the later, the anomalous dimensions are determined through the scattering, at one loop order, of a heavy quark with a light quark. We follow the procedure used in Refs. [8, 18] , in which a minimal basis of operators is considered, so the computation resembles the one of an S-matrix element, and both reducible and irreducible diagrams must be considered.
Since we are only interested in the anomalous dimensions, it is enough to determine the UV pole of the integrals. The computation is organized in powers of 1/m, up to O(1/m 3 ), by considering all possible insertions of the HQET Lagrangian operators. In general, external particles will be considered to be on-shell i.e. free asymptotic states, so the free equations of motion (EOM) will be used throughout. The computation is done in the Coulomb gauge and in dimensional regularization.
It is important to recall that the Compton scattering analysis at O(1/m 3 ) in Ref. [8] showed thatc
and c p p are physical combinations
i.e. they are gauge independent. This observation will be crucial in order to determine what combinations of Wilson coefficients associated to heavy-light operators will be gauge independent.
The Wilson coefficients of the kinetic terms will be kept explicit for tracking purposes even though they are protected by reparametrization invariance i.e. c k = c 4 = 1 to any order in perturbation theory [19] . The Wilson coefficient c p p = c F − 1 and the physical combinationc W = 1 are fixed by reparametrization invariance, as well [11] . We will check by explicit calculation that these relations are satisfied at LL even adding massless quarks.
For the aimed calculation only the renormalization of the heavy quark field, massless quark field and the strong coupling g, in the Coulomb gauge, are needed. They read (We define D = 4+2 as the number of space-time dimensions. The number of spatial dimensions is d = 3 + 2 , whereas there is only one temporal dimension):
where
A. 1/m 3 heavy-light operators: LL running of d hl i
The Wilson coefficients associated to the heavy-light operators c hl i and d hl i evaluated at the hard scale are of O(α) (so at the order of interest, i.e. at tree level, the maching condition is zero). This is so because, such operators, can not be generated at tree level in the underlying theory, QCD. Given this condition, the only way they can get LL running is through mixing with other Wilson coefficients that get LL running.
In order to determine which operators of Eqs. (16)- (24) 
The Feynman rules associated to these operators are displayed in App. A. The running of these operators is obtained from the diagrams (topologies) drawn in Fig. 1 . They produce around 67 diagrams to be computed without counting crossed and inverted ones. The RGE we obtain are
The RGE of the remaining Wilson coefficients d hl i have the structure (i, j > 11)
And for this reason, they are NLL. The procedure we use is the same that in Refs. [8, 18] . We compute the elastic scattering of a heavy quark with a transverse gluon only considering diagrams involving the vertices coming from 1/m 2 and 1/m 3 spin-dependent heavy-light operators. Diagrams are constructed from the topologies shown in Fig. 2 by considering all possible vertices and kinetic insertions to the appropriate order in 1/m. Note that diagrams of lower order than 1/m 3 also must be considered, as the use of the heavy quark EOM,
, adds extra powers of 1/m in those terms which are proportional to the energy.
The topologies drawn in Fig. 2 
Where γ c i , Q † Q is the anomalous dimension of the Wilson coefficient c i found in Ref. [8] , that comes only from the terms of the HQET Lagrangian bilinear in the heavy quark field or, what is the same, it is the anomalous dimension for n f = 0.
FIG. 2: One loop topologies contributing to the anomalous dimensions of the Wilson coefficients
of the 1/m 3 operators bilinear in the heavy quark field. All diagrams are generated from these topologies by considering all possible vertices and kinetic insertions up to O(1/m 3 ).
C. LL running of physical quantities
In the previous sections, Sec. 
Note that Eqs. (49-50) satisfy the reparametrization invariant relations given in Ref. [11] , even with the inclusion of spectator quarks. From these equations we learn thatd they do not appear in known physical quantities we do not dare to talk about their gauge dependence. The RGEs for the physical set of light fermion Wilson coefficients read
Note that we include the Wilson coefficients d (see Refs. [18, 20] for discussions about the last combination). This is a very strong check, as at intermediate steps we get contributions from c 
IV. SOLUTION AND NUMERICAL ANALYSIS
We are only interested in the solution of the RGEs of gauge independent quantities, i.e. of those displayed in Sec. III C. These RGEs can be rewritten in a compact form by defining a
hl 11 } (we do not include the RGEs of c p p andc W because they are identical to the ones found in Ref. [8] , and were already solved in the same reference. Indeed, their solution can be easily found using the reparametrization invariant relations found in Ref. [11] . As pointed out in Sec. III C, we do not know if the Wilson coefficients d 
The matrix M and the vector F follow from the RGEs given in Sec. III C. The running of the strong coupling constant, α, is needed only with LL accuracy:
and n f is the number of dynamical (active) quarks i.e. the number of massless quarks.
In this approximation, the Eq. (60) can be simplified to
It is more convenient to define z ≡ α(ν) α(m)
) and rewrite the equation above as:
In order to solve Eq. 64, we need the initial matching conditions at the hard scale, at treelevel. For the bilinear sector, they have been determined in Ref. do not present the single log result ofc B 1 and c B 2 because spectators do not affect them, as their matching conditions are zero, and they were already found in Ref. [8] . For the Wilson coefficients associated to heavy-light operators we obtain
Note thatd Spectator effects in HQET up to O(1/m 3 ) were already studied in Ref. [12] . However, no anomalous dimension matrix for the Wilson coefficients was given, but only the single log expressions. At this level, we can compare our results with the ones given in that reference.
The first thing we observe is that, in Ref. [12] , it is stated that spin-dependent heavy-light operators change the single log results of the bilinear sector already found in Ref. [16] .
That is strange, because the initial matching conditions of heavy-light operators is zero, and therefore, they should not change the single log expressions. After a more detailed comparison, taking the single logs given in Ref. [12] and using Eqs. (47)- (51) of Ref. [8] to change the operator basis, we find that, for physical combinations, the single log results remain unchanged and are still in agreement with Ref. [8] and with what we find in this paper (that single logs remain unchanged including spectators). Concerning the running of heavy-light operators, we find that c
The first equality is already in disagreement with Ref. [12] , and for the explicit single logs given in it, only the term proportional to C F agrees with ours. We also find that c Concerning the numerical analysis, we observe that spector quarks change slighly the running of the physical quantities computed in Ref. [8] ,c B 1 and c B 2 , but that change is small (of approximately 0.1 after running, with respect to the LL result with n f = 0, when they have a value of ∼ −2 and ∼ 1, respectively), so the effect induced by them is numerically subleading. However, the effect induced by the spectators tends to get away the curve from the single log one, so it makes the resummation of large logs more important. The change in combinations that appear in Compton scattering, likec B 1 + c B 2 is sizable, but even smaller than before. It changes by 0.02 after running with respect to the LL result with n f = 0.
Concerning the Wilson coefficients associated to heavy-light operators, we find that their running is small but sizable in some cases. The running is saturated by the single log in d (it does not depend on n f ). 
V. CONCLUSIONS
We have obtained, for the first time, the LL running of the Wilson coefficients associated to the 1/m 3 spin-dependent heavy-light operators of the HQET Lagrangian, and their mixing with the Wilson coefficients associated to the 1/m 3 spin-dependent operators bilinear in the heavy quark fields. It has been observed that, spectator quark effects are numerically subleading with respect to the ones coming from the bilinear sector. It has been proven that, after the inclusion of massless fermions, the relations coming from reparametrization invariance [11] are still satisfied and that the running of physical quantities depends only on gauge-independent quantities, as expected. Even though spectator effects are found to be numerically subleading, they have to be included, formally.
The presented results are written in a more standard basis, set by Ref. [11] , than the one used previously by Refs. [12, 16, 17] , and they are connected more closely to observables, as the quantities computed here are gauge independent. We have compared our results with the previous work done in Refs. [12, 16] . For the gauge invariant combinations we have computed in our paper, the single logs presented in these references are in agreement with ours, except for d and with next-to-next-to-next-to-next-to-leading logarithmic (NNNNLL) accuracy, which is the necessary precision to determine the O(mα 6 ) and the O(mα 7 ln α + mα 8 ln 2 α + . . .)
heavy quarkonium spectrum. They also have applications in QED bound states like in muonic hydrogen.
